Let (R, m) be a commutative Noetherian local ring. It is known that R is Cohen-Macaulay if there exists either a nonzero Cohen-Macaulay R-module of finite projective dimension or a nonzero finitely generated R-module of finite injective dimension. In this article, we will prove the complete intersection analogues of these facts. Also, by using complete intersection homological dimensions, we will characterize local rings which are either regular, complete intersection or Gorenstein.
Introduction and prerequisites
Throughout this paper, (R, m) is a local ring and all rings are commutative and Noetherian with identity. The projective dimension is a familiar and famous numerical invariant in classical homological algebra. One of the fascinating theorems which is related to this dimension, is Auslander-Buchsbaum-Serre Theorem [1, 15] which asserts that R is a regular ring if every finitely generated R-module has finite projective dimension. Motivated by this, Auslander and Bridger [2] , introduced the Gorenstein dimension (abbr. G-dimension) for any finitely generated R-module and they proved that R is Gorenstein when every finitely generated R-module has finite G-dimension. The G-dimension has a very essential role for studying Gorenstein homological algebra and it was studied in more details in [2, 7] . Let us recall the definition of G-dimension. Let M be a nonzero finitely generated R-module. 
More recently, Avramov, Gasharov and Peeva [3] introduced the concept of complete intersection dimension for finitely generated R-modules as a generalization of projective dimension. They proved that R is complete intersection when every finitely generated R-module has finite complete intersection dimension. For defining complete intersection dimension, we need the definition of quasi-deformation of R. A quasi-deformation of R is a diagram of local ring homomorphisms R −→ R ′ ←− Q such that R −→ R ′ is faithfully flat and R ′ ←− Q is surjective with the kernel which is generated by a Q-regular sequence. The complete intersection dimension of a finitely generated R-module M , CI-dim R M is defined as follows:
These homological dimensions satisfy in the following inequalities
with equality to the left of any finite quantity, see [3] . Wagstaff [20] extended the definition of complete intersection dimension for any Rmodule N . He defined the complete intersection projective dimension of N , CI-pd R N , the complete intersection flat dimension of N , CI-fd R N , and the complete intersection injective dimension of N , CI-id R N , as follows:
One can see that if N is finitely generated, then CI-
We denote the category of finitely generated R-modules by mod(R), the subcategory of mod(R) consisting of all free R-modules by F (R), the subcategory of mod(R) consisting of zero module and all R-modules M such that G-dim R M = 0 (resp. CI-dim R M = 0) by G(R) (resp. CI(R)). By using (1), we have the following inclusion relations between the subcategories of mod(R),
Takahashi [18] defined R to be G-regular if G(R) = F (R). We define R to be CI-regular if CI(R) = F (R). The first goal of this paper is a characterization of local rings by using complete intersection homological dimensions. We prove that R is regular if and only if R is complete intersection and CI-regular. Also, we prove that R is complete intersection if and only if R is Gorenstein and
In the classical homological algebra, there exist two celebrated and important facts which are obtained by virtue of the (Peskine-Szpiro) intersection theorem [12] as follow: i) If there exists a nonzero Cohen-Macaulay R-module of finite projective dimension, then R is Cohen-Macaulay, ii) If there exists a nonzero R-module of finite injective dimension, then R is CohenMacaulay, where the second assertion is known as Bass's Theorem. Now, it is natural to ask the following questions: Question 1.1. If there exists a nonzero Cohen-Macaulay R-module with finite complete intersection dimension, is then R Cohen-Macaulay? Question 1.2. If there exists a nonzero finitely generated R-module with finite complete intersection injective dimension, is then R Cohen-Macaulay?
As a second goal of this article, we give the positive answers to the above questions, see Theorem 2.7. Also, for the interested reader, we recall that the Gorenstein analogues of i) and ii) are still open questions and many people have tried to prove them; see [8, 16, 17, 21] .
The results
We start this section by the following definition. 
and so by the assumption, Next, we present a criterion for specification regular local rings. [3] characterizes complete intersection local rings with complete intersection dimension. In the following, we will characterize these rings with complete intersection homological dimensions. Before doing this, we recall that an R-module N is said to be Gorenstein injective if there exists an exact complex I of injective R-modules such that N ∼ = im(I 1 −→ I 0 ) and Hom R (E, I) is exact for all injective R-modules E. Any injective R-module is Gorenstein injective. Let N be an R-module. We say that Gorenstein injective dimension of N , Gid R N , is finite if it has a finite Gorenstein injective resolution. It is easy to see that when the usual injective dimension of N , id R N , is finite, then Gid R N is also finite.
Proposition 2.4. Let (R, m, k) be a local ring. The following are equivalent:
i) R is complete intersection, ii) CI-id R M < ∞ for any R-module M , iii) CI-id R k < ∞, iv) CI-dim R k < ∞, v
) R is Gorenstein and CI(R) = G(R).
Proof. i)⇒ ii) Since R is complete intersection, then there exists a regular ring Q such that Λ m (R) ∼ = Q/xQ, where x = x 1 , x 2 , .., x n is a Q-regular sequence and Λ m (R) is an m-adic completion of R. Consider a quasi-deformation R −→ Λ m (R) ←− Q. Then id Q (M ⊗ R Λ m (R)) < ∞ for any R-module M and this completes the proof.
ii
Then, we can conclude that for some ideal J of Q, we have id Q (Q/J) < ∞ and so Gid Q (Q/J) < ∞ which implies that Q should be a Gorenstein ring by [9, Theorem 4.5 v) ⇒ i) Since R is Gorenstein, then G-dim R k is finite by [7, Theorem 1.4.9] . Set n := G-dim R k. Let P be a projective resolution of k, as follow: [7, Theorem 2.3.16] , and so by the assumption, ker(P n−1 −→ P n−2 ) ∈ CI(R). Hence, CI-dim R k is finite by [19, Corollary 3.8] and the assertion follows from [3, Theorem 1.3].
We recall that for any R-module M, depth R M is defined as follow:
If M is a non-zero finitely generated R-module, then M has finite depth. 
by [6, Theorem 4.2] , and so we have [13] proved that the theorem of intersection holds for every Noetherian local ring and he called it "New intersection theorem", see [13, Theorem 13.4 
